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A mathematical transformation is presented which converts the integral turbulent bound-
ary-layer equations at high speed into one at low speed. The transformation is inspired by

that recently introduced by Coles for the constant-pressure case.
the general case when pressure gradients, as well as heat exchange, are present.
that in this case two transformations can be defined:

Here it is developed for
1t is shown
an i transformation, in which the low-

speed fluid is incompressible, and an [ transformation, in which the low-speed fluid is a gas.
The conditions under which the transformations operate correctly, not only on the integral
equations but also on the whole system of partial differential equations, are discussed.

Nomenclature
z = tangential coordinate
7,y = normal coordinate
0,0, T = density, pressure, and temperature
hyho = static and stagnation enthalpy
A = viscosity and heat conduction coefficients
Pr = Prandtl number
uu’ = tangential velocity component
v = normal velocity component
m = mass flux per unit width
I = momentum flux, per unit width
H,H° = enthalpy and stagnation enthalpy flux per
unit width
v = stream function per unit width or per radian
5 = boundary-layer thickness
8* = displacement thickness
6 = momentum thickness
@ = energy thickness
o* = density thickness
7 = viscous stress per unit width
q = heat flux per unit width
r = distance of wall from axis (axisymmetric

flows); or recovery factor (3.6)
€ = exponent = 0 (two-dimensional flow) or = 1
(axisymmetric flow)

of = gkin-friction coefficient

Ch = Stanton number

s = Reynolds analogy factor (3.6)
a(z)m(x),¢(x) = functions defining the transformation
c(z),d(x) = coefficients of the enthalpy-velocity expansion
Rey,Re; = Reynolds numbers

Uy = incompressible friction velocity
Subscripts

e = external flow

w = wall

r = recovery value

m = mean

s = substructure
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Superscripts

0 stagnation
— low-speed flow

[}

1. Imtroduction

NY treatment of the turbulent boundary layer contains
an element of arbitrariness. Our very incomplete
knowledge of the turbulent mechanism in shear motion pre-
vents the development of a theory based on firm rational
grounds, and the only courses presently available are the
result of either some shaky physical concept or some not
completely justifiable mathematical formalism. This is true
for the most elementary type of turbulent boundary-layer
flow, for which density, pressure, and viscosity are constant,
as well as for the more complicated cases where the character-
istic parameters of the fluid are variable as a result of pressure
gradients, heat exchange, and high flow velocities. How-
ever, while in the former case the physical concepts and the
mathematical formalism involved have received the blessing
of empirical confirmation from a very large number of ex-
perimental results, this is not true in the latter case. As
soon as the compressibility effects start creeping in, ambigui-
ties appear in the way of extending the same physical con-
cepts that were empirically justified for the most elementary
case. Similar ambiguities present themselves in the more
mathematical approach, and there does not appear to be a
completely satisfactory way out from these ambiguities.

2.

The result of this uncomfortable situation is that the choice
of a particular path is a matter of personal preference (call it
intuition).t Like many other authors, this author feels
particularly attracted by the mathematical approach, of

Mathematical Transformations

t Examples of the first approach (extension of the empirically
proved physical concepts) are in Refs. 1-5. Examples of the
second approach (mathematical transformation) are in Refs.
6-10. These references are far from being complete; they have
only the purpose of illustration, or they are referred to in what
follows.
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which the ultimate goal is to establish a correspondence be-
tween a given flow containing one or more disturbing elements
(such as nonvanishing pressure gradients, heat exchange,
or high Mach numbers) and another, simpler physical flow
where some of the disturbing elements are absent. This can
be accomplished by using appropriate mathematical trans-
formations which are able to suppress one or more of the
disturbing elements. If the behavior of the simplified flow
is known, the application to it of the reciprocal transforma-
tion will result in the prediction of a certain behavior for the
original flow. At this point, the assumption can be made that
this is the actual physical behavior of the flow. Up to a cer-
tain point, this procedure is the same as that expressed by
the Stewartson-Illingworth transformation for the corre-
spondence between a high Mach number laminar boundary-
layer flow and a low-speed flow. The Stewartson-Illingworth
transformation produces an exact mathematical correspond-
ence between two adiabatic flows or between two flows with
heat exchange involving a perfect gas of Prandtl number
unity and viscosity proportional to the absolute temperature,
and there is no need of a particular assumption to establish
the validity of this correspondence. The difference in the
turbulent case comes from the following fact: since the
mechanism determining the distribution of the turbulent
shearing stress is unknown, one cannot be assured of the
physical validity of the transformation, even if this cor-
rectly transforms the inertia and pressure terms of the equa-
tions. Coles! has recently tried to ennoble this mathe-
matical procedure by inverting the statement and saying that,
if a mathematical transformation for the inertia and pres-
sure terms can be found and the transformation is “physically
realistic,” then, also, the shearing stresses are correctly
treated by the transformation. The way this author inter-
prets Coles’ statement is that, if the factors of the frans-
formation can be adjusted so as to provide a satisfactory
correspondence between the behavior of a properly selected
individual quantity in the two flows (such as the friction
coefficient), it follows then that the transformation operates
correctly not only at the wall, where the friction
coefficient is determined, but throughout the boundary
layer. This statement can hardly be accepted as a proof,
and actually this author has reasonable doubts that it is cor-
rect. Fortunately, the results of Coles depend only to a
minor extent on the exact validity of his statement}; actu-
ally, most of them can be obtained without making use of it
and by following the more conventional line of looking for
a transformation of the integral equations for the whole
boundary layer rather than that of the local partial differential
equations.

All transformations that have been used are genetically re-
lated to the Howarth-Dorodnitsin transformation which re-
places the transverse coordinate y with one proportional to

foy pdy

The Stewartson-Tllingworth transformation introduces not
only an additional transformation of the longitudinal coordi-
nate z, but also a factor which is a function of z, in the y
transformation. Several authors have elaborated on this
transformation to adapt it to turbulent flows. One element
common to allt hese transformations is that, although the co-
ordinates and the velocity components are transformed,
the stream function is invariant with respect to the trans-
formation. It has been the merit of Coles to remove this
restriction, probably unpremeditated rather than deliberate,
hence giving to the transformation one additional degree of
freedom. The procedure that follows is to a large extent
inspired by that of Coles, although it runs along a slightly dif-
ferent path and reaches probably somewhat deeper.

I In fact, only the developments at the end of Sec. 5 depend
to a certain extent on this statement.
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Instead of starting, as Coles did, from the differential
equations of the flow this author starts from the integral
momentum and energy equations. The mass, momentum,
and stagnation enthalpy flux per unit width can be written
in the original physical plane:

s 5
m = fo pudy I= j:) puldy HY = j;s puhdy
2.1)

(Here 6 can be chosen to be the larger of the velocity and the
thermal thicknesses, when these two are notequal.) One can,
as usual, define the displacement, the momentum, and the
stagnation enthalpy thicknesses through the equations

PelUhed — M = polhed™ mue — I = pu.20
mheo — H® = Pauc(hsn et hw)@ (2.2)

so that the three thicknesses are explicitly obtained as

8 pU s pu U

o= (1= 24 o= |, (1 %
0 ( Peuc> v (U U, %

_° pu b — R
= fO Pelle heo - hw dy (23)

Here the integration could be extended to « rather than
¢ without affecting the value of the integrals.

The conservation of momentum and total energy for the
boundary layer as a whole can be written§

d

d dp
—_ (p€ _ — (= — €y 2L __ ye
o (rl) = u, i (r*m) rde Ty
(2.4)
d d
— €170y — [ - €, e mE,
o (FHY) = R0 (rm) = g,

The factor ¢ has been introduced, as usual, to include in a
single formulation both the case of plane flow (¢ = 0) and
that of axisymmetric flow (¢ = 1) (in which case the
equations provide the balance per radian). In the latter
case, r represents the distance of the wall from the axis of
symmetry, and the assumption § < r is implicit.

Making use of the definitions (2.2), Eqs. (2.4) can be
rewritten as

d dp
~ € 20) — p€ §F% 2L = pe
e (repeus®d) — 1€ 6 gy = T (2.5)
d € 0 €
;i; [T peue(hc e hw)ﬁa] = TQu (2.6)

Here use has been made of the fact that %.° = const and of the
Bernoulli relation in the external flow:

dp/dx = — pat(du./dx) 2.7

Let us consider now a low-speed flow, of an as yet unspeci-
fied fluid. Following Coles, we shall indicate with a bar
the corresponding quantities, and write the equations cor-
responding to Egs. (2.1-2.3, 2.5, and 2.6) as follows:

i, — I = pett?f,he — H = pio(h. — by (2.2a)

§ Clearly it is assumed in writing the energy equation that
no other form of energy is exchanged. At hypersonic velocities,
doubts may arise about the validity of neglecting the increasing
level of acoustic energy radiated from high-speed turbulent flows.
No evaluation of this level has been attempted, to my knowledge,
in relation to boundary-layer flows.
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0 ra) ¥
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- flo — 1 2.
@ fo o e (2.32)
d o dp
2 (75 57 20) — FeSF L . e .
7 (7p.1.20) — 76 e T (2.5a)
L (repah — R3] = 7 (2.68)
dz T Pellellls w) P w .
dp dii,
=£ —B.ile 2.7
dz plle 4z (27)

Observe that in view of the low velocity the stagnation en-
thalpy has been replaced by the static enthalpy.

Now look for a transformation which, when applied to
Eas. (2.5) and (2.6), will result in (2.5a) and (2.6a). For this
purpose we introduce the stream functions,

v Sty e [Tama @9

observing that at the edge of the boundary layer ¢ and ¢
coincide with mr¢ and mre. With Coles we introduce the
transformation

=@ 3= @

(1>€ V@D _ o
r/) Ylay) d 29)

From (2.8) and the first two (2.9) one obtains the following
correspondence between the velocities:

A/u = o/n = Ge/Us (2.10)

Substitution of the second (2.9) and (2.10) into (2.3a)
and comparison with (2.3) shows that

0

© I
<

§g="Pg o =g (2.11)
Pe Pe

the second relation being true provided we associate to the
transformation (2.9) the following correspondence:
R/Re = RBO/R,O (2.12)

The relation between displacement thicknesses is also
obtained from the same equations in the form

S*=@’|:a*— 3(1~’3—‘ﬁ>d] 2.13
- L -Ea| e

Introducing (2.10) and the last (2.9) in (2.7a) and com-
paring with (2.7), one obtains

dp _ o' pe[dp 2 9 (11
az £ p. [dx Tt (1“ 0):] (2.14)
Now Egs. (2.9-2.11, 2.13, and 2.14) can be introduced in
(2.5a). Comparison with (2.5) results in the following cor-
respondence between skin frictions. (This relation and
others to follow are the same for the two-dimensional and
the axisymmetric case.)

a? d
P —— 29 2 —
T P {Tw + peut o (Ino)

& De d
y 32 5* e — 1 iy i
o= [ (1=22)a i (n D)+
ap .o
ol (1 7 ) dy} (2.15)
provided the following geometric condition is satisfied:
[%] = const

(2.15a) is an effective condition only in the axisymmetric case,
e=1,

(2.15a)
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On the other hand, assuming Newtonian friction at the

wall, that is,
(2
To = fu (bg)w (2.16)

ou
Tw = M -a—yw

and making use of (2.9) and (2.10), one gets
Te _ Z Pl (2.17)

Tw N° PuwMw
Hence, if one rewrites (2.15) in the form

0% Ty

d
f=n—7'_—w 1—]— {0‘%(1110)—

e -E2)0]20)-
i‘%fo <1—?i)dy}] (2.18)

we see that if o(x) and 5(z) are known, £(z) is also deter-
mined by (2.18) and (2.17). Here the friction coefficient
¢; is defined, as usual, by

T = 5C;pelhs’ (2.19)

A similar treatment can be applied to Egs. (2.6a) and
(2.6). The result, for 2, = const and subject to the condi-
tion (2.15a), is

d
oy = — 0 i
Guw Eh 0 [QW + Pcue(h hw)§0 dz (lna)] (220)
At the wall, where

B G- E)
“\oy /e Pro\dy/. Pr.\dy/)e.
(2.21)
s ()£
T\ /w Pr, \OU/w

we obtain, with the help of (2.9) and (2.12) and assuming
Pr, = Pry,

Go 1R Pofie
o 2 Pele 2.29
w 7 he' PuwMw ( )

Hence, if one rewrites (2.20) in the form

- h Qw heo _ w ﬁi
=0 [1 + (no )] (2.23)

where ¢, is the Stanton number defined by
Quw = Pque(hr - hw)ch (224)

one has a second relation defining £(z) once o(z) is known.
Clearly, the consistency of the transformation requires the
two expressions (2.18) and (2.23) for £(z) to coincide, and
since the factor in front of the brackets is identical in both
expressions, by virtue of (2.17) and (2.22), the following
expression is obtained by equating the expressions within the
brackets:

* R _Pep ]_d_( ﬂ>=
o= [ (1= 22) ) 2 (0]
ke ~ hy ¢ d
|:0 T he — hw 2ca ¢] dx (Ino) —

Liw o p
Us dx JO P Ps

—) dy (2.25)
P

For a given o(z),7(x) can be obtained upon integration of this
expression for any particular behavior of the assigned bound-
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ary-layer flow. Then the value of £(z) can be caleulated
from either (2.18) or (2.23) with the help of (2.17) or (2.22).

In order for the transformation to be entirely defined, one
still needs the knowledge of o(x) and of the state properties
of the fluid flowing in the low-speed flow. These problems
will be discussed in the following sections. We observe
that the integration of (2.25) provides /o to within an
arbitrary constant factor. According to (2.10) this means
that the velocity scale between the two flows can be chosen
arbitrarily at one point of the flow, after which it is entirely
determined at any other point. Once o(z), n(z), £(x) are
determined and the properties of the low-velocity fluid are
chosen, the transformation (2.9) is completely determined.
The transformation can now be applied to the differential
equations of motion, as Coles did. The momentum equa-~
tions of the two flows are

ou ou dp = Or
Y + e dy dx Oy

ot o dp . OF (2.26)
- 0%, _ouw  dp , OT
Pl e TP 5y dx+ay,

The value of 97/97, as obtained from the second (2.26), is
transformed by (2.9), making use of (2.14) also. Upon
integration of the resulting expression with respect to y, one
obtains

P= Lo e
d n o (u? P
”e“fzzz(h‘;) Lra(a-g)as

dp o _Pep ]
=, <1 5 ,,,) day | ©@2n

The integration constant has been chosen so as to produce
vanishing 7 and 7 at the edge of the boundary layer.
The energy equations for the two flows are [see footnote
to Eq. (2.4)]
Oh® Oh® dh  __Oh Qg
uax+pva = (q+ur) Pl 5 =

Proceeding for the ¢ as previously with the 7, one obtains,
taking into account (2.12),

T )
q=gh0[q+ur+~‘—(hw)f ¢a—};0dy:] (2.29)

For y = 0, the relation (2.27) reduces to (2.15), and (2.29)
to (2.20); hence nothing new is obtained concerning the
transformation of the integral equations. The new result
implied in (2.27) and (2.29) is that, if the values they produce
for 7 and § are consistent with the physical behavior of the
low-velocity boundary-layer flow, then the transformation
has the higher power of establishing a correspondence not
only in the integral behavior of the two flows, but also in
their local behavior.

We shall see in Sec. 4 that there is 4 certain arbitrariness
in the choice of the low-speed fluid. On the other hand, the
choice of o(z) cannot be made without the help and interpreta-
tion of empirical evidence. This was done by Coles for the con-
stant pressure case, resulting in his introduction of the concept
of turbulent substructure. Though the physical interpretation
of this concept is nebulous, its application produces an extremely
satisfactory correlation of the friction coefficients in the constant-
pressure adiabatic case. If desirable experimental checks on
high-speed or low-speed flow with heat exchange will also result
in an accurate correlation, Cole’s concept ean, in my mind,
safely be extended to the variable-pressure case. InSec.5 I have
presented my personal derivation of o¢(x) from Coles’ concept
of a substructure.
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3. Constant-Pressure Case

The only case treated by Coles is the constant-pressure case,
for which p. and u. are constant. The constant-pressure
case is consistent only with € = 0 or r = const; hence from
Egs. (2.5) and (2.6), taking Egs. (2.19) and (2.24) into
account, we derive the following relation:

dgp - hw 26),
a6 h e 8-

Tt is clear that, if the second member of this relation is con-
stant, and the thermal and velocity layer start building up
at the same station, both terms on the right-hand side of
(2.25) vanish and this can be integrated fo n/¢ = const.
This is indeed the relation obtained by Coles from the con-
sideration of Eq. (2.14) and the postulate that the two
corresponding flows must both present vanishing pressure
gradients.

This result is certainly correct when Pr. = 1, since then
k. = kO and ¢n = ¢;/2 (as can be found immediately from
the fact that the stagnation enthalpy is a linear function of
the velocity!?), so that the second member of (3.1) is unity
and ¢ = @ (if both vanish at the same station).

The subseript ¢ added to the Prandtl number is to indicate
that, if the flow is turbulent, the relation between heat ex-
change and frictional stresses is not related to the “molecu-
lar” Prandtl number, except near the wall. The definition of
the “turbulent” Prandtl number is then obtained from the
generalized Reynolds relation

q 1 (oh/0y)

T+ Pr, (Qu/dy)

At and near the wall, Pr,— Pr. To discuss the case Pr, # 1,
it is appropriate to write the differential energy equation in
the form

(3.2)

2% o7 Oh
Tom T AP g5, T

dp 9y oh oy Oh _
Pre s ou (“+au P“p“a oz

which can be obtained!? by switching to « and z as inde-
pendent variables, instead of y and . For the constant-
pressure case, and if A is a function of u alone, this equation
simplifies to

=0 (3.3)

d2h or dh
Tae TP ST

and can be integrated, for the ideal case Pr. = const, to pro-

duce
b= he + u (gZ) P (u) ~ u2F, (%) (3.4)
2 Prt—l
- 202
(3.5)
2 Prt—l w/ e T 1—Pr, !
reo=rn [ () a () S ()T (5)

Clearly the assumption that A is a function of % alone is ful-
filled only if 7/7, is one also. The relation (3.4) was de-
veloped originally for laminar boundary layers, for which
this condition is satisfied. Van Driest?® applied the same re-
lation to the turbulent boundary-layer case, for which the
condition is not exactly satisfied. However, it must be
noticed that, if Pr, is sufficiently close to unity, since 7/7,
must anyway go from 1 to 0 as u/u, goes from 0 to 1, the
functions (3.5) are rather insensitive to small variations of
the 7 distribution, and the assumption that h is a function
of u alone must be almost exactly, though not exactly, fulfilled.

with
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If (3.3) is aceepted, simple elaborations allow the deriva-
tions of the recovery factor r and of the Reynolds analogy
factor sin the form

he — he. hy — hy

T 2F,(1); s = th = PrFi(1)
(.6)
From (3.6) one can calculate
'if— 1
26}. 8
3.7
hr - h ha - hw
hd — he r+ - )he"—hw

Hence, if the condition that A is a function of u alone is
almost exactly fulfilled, sinece both expressions (3.7) are
constant, so is the second member of (3.1), and Coles’ result
n/e¢ = const is also almost exaetly true. This result can
be safely extended to the more realistic case when Pr,
though close to unity, is not constant. Hence it is also al-
most exactly true that the condition of constant pressure is
invariant against the transformation, as originally postulated
by Coles.

Next, it is interesting to check if the transformation that
we have derived, considering the integral boundary-layer
equations, also holds locally for the equations in differential
form, as required by Coles. This means that the values of
7 and 7 as obtained from (2.27) and (2.29), that is,

3.8
5 , ORh®
S [P 924
must be consistent with the physical reality of the trans-

formed flow. In addition, the transverse velocity in the
transformed flow must satisfy the relation

=5Bevi2 (o 0) - Rk 0o

obtained from the definition equations

e, — _ O¥ rers = _ O
A TS T %
after using the transformation (2.9).

There is certainly no difficulty about satisfying (3.9).
About the consistency of the relations (3.8), one observes
that the physical reality of the transformed flow requires that
the Reynolds analogy (3.2) applies to this flow as well as to
the original flow; hence,

g 1 (0r/dy) q
,}'.

T Pr (Qu/dy)

The second (3.10) can be transformed with the help of
(2.10) and (2.12) and compared with the same quantity as ob-
tained from (3.8), thus providing

g _ 1 n h 0k/oy
7 Preo bl du/dy
B 0 ur g o) [P ay -
T o ho ’
T g o) [y S
On the other hand, the first (3.10) gives
_ .7 (©r/oy)
q = Pn( ou/op) u> (3.12)

(3.10)°
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Finally, from (3.11) and (3.12) one obtains

(il [T o2 w) -
(bu/by)]TX

G
Pr; Pr, (ont/ by)

14 (bu/by)
re dx (bh"/by) f 1,0 (8.13)

It is immediately clear that, if Pr. = 1, Eq. (3.13)
is identically satisfied by Pr¢ = 1, since then (du/dy)/
(Oh%/dy) is a constant. If, however, Pr, is different from
unity, and if there has to be a local correspondence be-
tween the two flows, then (3.13) defines, for a given distribu-
tion of Pr;, a corresponding distribution of Pr, for the trans-
formed flow, Hence the relations (3.8) imply a well-de-
fined transformation of the turbulent Prandtl number dis-
tribution. If we follow the reasoning of Coles, the trans-
formed distribution must correspond to a physical reality.
On the other hand, this may be too much to ask from a trans-
formation which is of a purely mathematical nature.

Observe that at the wall, where the molecular Prandtl
numbers have been assumed to be identical in the two flows,
the relation (3.13) can be shown to be automatically satis-
fied if the expression in brackets in the second member of
(2.25) vanishes, as it must do if »/c must be constant as
assumed.

In concluding the constant-pressure case, we notice that
the transformation is completely defined without any need
of prescribing the physical properties of the low-speed fluid,
except at the wall. In other words, we obtain the same
transformation if the low-speed fluid is chosen to be a liquid
of constant density or a gas with the density determined
only by the temperature, by virtue of the low-speed assump-
tion.

4. Variable-Pressure Case

As soon as a pressure gradient is introduced, the choice of
the properties of the low-speed fluid becomes essential in
determining the transformation, as is immediately apparent
from (2.25) where neither of the terms of the second member
vanishes, as it does in the constant pressure case.

We shall, therefore, particularize our transformation for
the two cases just mentioned in view of their practical physi-
cal significance. If both fluids are perfect polytropic gases,
(2.25) can be obtained in a particularly simple form as fol-
lows. For perfect polytrepic gases, one has, recalling (2.12),

= = (4.1)

where it has been assumed not only that the specific heats
are constant, but also that the additive constant of the en-
thalpy has been chosen so as to make the enthalpy propor-
tional to the absolute temperature. As a result of (4.1),
one can calculate the integral appearing in (2.25)

’ PepNgy =L (2 Uy _
.fO (1 p Pe> dy B Peheo fO I:pe<he+ 2)
2
p<h+u§):|dy
1 8 we’ u?
—mfo (pe?—Pg)dy

+ 0) 4.2)

2h°

as is immediately clear from the definitions (2.3).



2728 L. CROCCO

As a consequence of (4.2), one can write

8*+0—j:)3<1—g—°%)dy=

(1 )(6*-{-0) h—( + 0)
and
1 du, _Pep M due o _
u.dxf (1 ,-,p,)dy shodz O 0
1 dhe o4
Ty @*+ )

Hence (2.18) can be written in the concise form

t:“_‘f-
¢ ~
nT

2 . d
1+c—f¢9%(lna)—

om0 L[] oo

Since (2.23) is unchanged, (2.25) can be obtained in the form

i ) h_°0 1/2] _
(8% 4+ 6) o {lnLr(h,) ‘ } =
ha? b = hu ¢ d
he (0 T e = T 2 “’) iz W) 4D

We notice immediately that (4.3) becomes particularly

simple if
o\ 1/2 o\ 1/2
‘_’Z (Z;) = %(%"—) = const (4.5)

This is actually the form of the velocity transformation
which has been used by most authors, as it results directly
from the extension of the Stewartson-Illingworth trans-
formation to turbulent flows. The reason for the wide-
spread use of (4.5) is seen to reside in the simplification it
induees in (4.3). However, one sees from (4.4) that (4.5) is
consistent only with the constant-pressure case for which,
as already seen, the expression in parentheses of the second
member of (4.4) vanishes, or with the case o = const, which
would induce a further simplification in (4.3) but has to be
disearded on grounds of experimental evidence, as Coles has
clearly pointed out, and as will be seen in Sec. 5.

Hence Eq. (4.4) shows that (4.5) cannot be true in the
variable-pressure case, and provides the right expression for
the caleulation, by integration, of the proper values of
(n/0)(h/h)1? as a function of z, when both fluids are per-
fect polytropic gases and o(z) is known. Next, the values
of £(z) can be obtained by means of (2.23) or (4.3), and the
transformation is completed. This transformation will be
called the “low-velocity transformation,” or briefly the “I
transformation’ to characterize its main feature, which is sup-
pressing the disturbing effect of the high velocities without
changing the state behavior of the fluid.

If the [ transformation must hold locally throughout the
boundary layer, one needs to evaluate the various terms of
(2.27). Proceeding in the same fashion as for (4.2), we ob-

tain
5 _Pep _u,"’fé( _
fl! (1 ﬁ P5> dy - 2he0 Y ! peue2 dy

and
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Hence, after substitution of (4.4), (2.27) becomes

1
e EEE £ G- 2)e)
9+ o* (0 ho — hu 2 “’) o \1 7 ) W |f 4O

Since Eq. (2.29) is the same as for the constant-pressure
flow, as are Eqs. (3.10), proceeding in the same way we
end up with a relation similar to (3.13), where, however, the
expression in parentheses in the first member is replaced by
the expression in brackets in the second member of (4.6).
Again, we find that the Prandtl number must be transformed
according to a well-determined law. However, contrary to
what happens in the constant-pressure case, there is no
particularly simple law for the transformed Prandtl number
when the original Prandtl number is unity. (This is per-
haps the strongest argument for doubting the local validity
of the transformation.)

The author must confess that he has a particular inclina-
tion for the ! transformation, as compared to the other
transformation to be discussed next.# With the exception
of the case g, = 0, Pr; = 1, for which A is constant across
the boundary layer, and for which we obtain a constant-
density low-speed flow when heat exchange is present, the
! transformation makes the proper distinction between the
effect of the high velocity and that of the heat flux in deter-
mining the density distribution of the fluid. The author
has the impression that it is physically more realistic to
establish a correspondence between two flows of the same
substance, so that the effects of the heat exchange in deter-
mining the transverse spacing of the fluid elements are pre-
served, rather than look for a correspondence between two
different types of fluids, one of which does not contain these
effects. But, of course, this intuitive justification does not
represent a proof. Moreover, the ! transformation presents
a great inconvenience; very little empirical information exists
on the low-velocity, turbulent boundary-layer flow of a gas
with heat exchange. Hence, even if the approach appears to
be more attractive, it cannot be used before more information
becomes available about velocity and temperature distribu-
tions and similarity correlations in this kind of flow.

On the other hand, a substantial amount of experimental
research has been developed for adiabatic low-velocity flows
where the fluid is either a liquid or a (constant-density) gas.
If the fluid is a liquid, the only effect of the heat exchange
is felt through the variation of viscosity with temperature.
For an ideal liquid with viscosity independent of the tempera-
ture,** this effect disappears, and all the information for
adiabatic constant-density flows becomes applicable to con-
stant-density flows with heat transfer and, hence, through the
proper transformation, to high-velocity flows of gases with
heat exchange.

Therefore, from a practical point of view, it is particulariy
interesting to define a transformation where the low-velocity
fluid has constant density and constant viscosity, even if h is
variable. We shall call this transformation the “incompres-
sible transformation’ or briefly the “4 transformation” to
indicate the main feature of constant density of the low-speed
fluid.

The relations defining the ¢ transformation can be deter-
mined from the general relations of Sec. 2 by taking 7 =

# I observe that, in the laminar case with heat exchange, it is
impossible to find a transformation from a high-velocity gas to a
low-velocity liquid, even for Pr = 1, u ~ T. Under these as-
sumptions, on the contrary, the high-speed flow of a perfect gas
is transformed into a low-speed flow of a perfect gas.

** The effect of the viscosity variation in a constant-density
fluid ean, on the other hand, be taken into account via a particu-
lar choice of o(z), as it is actually taken into account in gaseous
flows following the procedure of Coles to be discussed in Seec. 5.
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P.. 'The integral appearing in these relations reduces to the
expression

oL (-ee L (-De e

and defines a new thickness which might be called the “density
thickness.” The last expression is obtained under the as-
sumption that the high-speed fluid is a perfect, polytropic
gas. For the general type of flow, the evaluation of this
thickness cannot be made explicitly because, in order to ob-
tain the enthalpy field, one must, even if the velocity field
is known, carry out the solution of the energy equation.

The difficulty arising from the lack of a closed-form solu-
tion of the energy equation can be overcome using an ap-
proximate procedure introduced by Cohen.? The idea is
to correct the linear relation between the stagnation enthalpy
and the velocity, valid for Pr, = 1 in the constant-pressure
case, in such a way as to take care approximately of the
effects of pressure gradients and Prandtl number. The
simplest kind of correction to a linear relation is the addition
of a quadratic term. Hence with Cohen we take

R P how % % \?

ﬁj’_h—e"—l_(l—h—,‘"c)u.,_i_c(ue) (4.8)
where c(z) is a correction coefficient to bhe determined, van-
ishing for Pr; = 1 in the constant-pressure case.

Making use of (4.8) in (4.7) and assuming, as previously,
o/ pe = ho/h, one obtains, after manipulations,

¢*=<1—%‘>5*+[(1——c)2‘£—%]0 (4.9)

w

Moreover, introducing (4.8) in (2.16) and (2.21), one ob-
tains
gw 1 Al —¢) — he

Tw  Pre Ue

so that the Reynolds analogy factor is given by

Cr hy — hw

= _pp, T
$= 0 TR — ¢) — h

(4.10)

and, therefore, can be calculated if ¢(z) and the recovery
factor are known.
The final expression obtained from (2.25) is

i hgo - hw
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to satisfy the energy equation (2.28) at y = 0, or Eq. (3.3)
atu = 0, that s,

0% or Oh Uy dp Ok
v (bzﬂ)w + (1= Pro) (bu bu).,, + Pro Tw 0T <a_u>u, =0

(4.13)

Here we have used, at the wall, the laminar relation (oy/
Uy = Hu/Tw. From the momentum equation at the wall,
(d7/0y)» = dp/dz, one obtains

OT/3Ww = (Mu/Tw) (dp/dx)

This relation and Eq. (4.11) introduced in (4.13) provide the
following relation between ¢(z) and b(z):

¢+ kb= (1~ Pry) [1 — %:—0] (4.14)

with

o Mt P 200 d (1—) (4.15)

2.2 dxz p.c/® dz \u.

Equations (4.12) and (4.14) allow us to express ¢ and b as
functions of d(z). The consequent calculation of ¢* using
(4.11) produces the result

he 1 hd — h,
k _ * P -
“"(1 hw>‘3 1—k[“ ho

. _he RO _hed s
k(l hw+hwd>]o o do** (4.16)

Here

8 pu u?
Kk _ .z
5 fo o <1 u,2> dy (4.17)

is the “kinetic energy” thickness used by Truckenbrodt.l4
The equation corresponding to (4.10) is

¢ he — by _ Pry(he — ho)}(1 — k)
Ch h.% (Pro — hd + (1 — Pry)he — hy
(4.18)
Equations (4.16) and (4.18), when introduced in (2.15),

provide the proper relation for the determination of 7/0,
after which £ can be obtained.

— A d he) 5 — }k — — }_L’_o
(Ing) I:& — Pr, W = o) — ga:l - (Inw,) {(1 — h:) b I:hw 1-e hw:] 0}

d
d%(ln?):x )

Y
T

w

The expressions (2.18) and (2.23) for £(z) remain unchanged
with the proper value of the common factor in front of the
brackets, that is,

0’2 Tw _ Tiq_w _ o Pwﬂw

= o — J—
N Tu X T

A somewhat more sophisticated expression than (4.8) ean
be obtained by adding a cubic term

h/hS = ho/hl + bu/u. + c(u/u)? + du/u.)® (4.11)
The functions b(z),c(x), and d(z) must satisfy the relation
b+c+d=1—h/h" (4.12)

The extra coefficient introduced allows the fulfillment of

an additional condition. For instance, in view of the particu-
lar importance of the quantities at the wall, one can choose

R he'
[l—i-z;-—-(l—c)}—tz:l@

One sees that the introduction of the cubic term in the
stagnation energy relation results in more complicated,
though not unmanageable, expressions. In particular, it
introduces the kinetic energy thickness 86**. Observe that
this is not too much of an inconvenience, particularly if in
solving the integral boundary-layer equation one follows
Truckenbrodt procedure of taking into consideration the
equation for the conservation of mechanical energy which,
in integral form, contains the same &6** However, one
must notice that the use of polynomials of higher degree in
the approximate solution of the integral boundary-layer
equation does not necessarily improve the accuracy, a well-
known fact for the Pohlhausen method.

Before closing this section, the author would like to point
out the implications of the existence of two different trans-
formations, both resulting in low-speed flows of a fluid with a
well-defined physical significance. One can, with Coles,
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postulate that, if a transformation satisfies both the require~
ment of correctly transforming the inertia and pressure terms
and that of predicting the right behavior for the friction
coefficient, then the transformation correctly transforms the
local values of the various quantities and establishes a real
correspondence between two flows. In this case, it is not
surprising to find the existence of two different transforma-
tions. In faet, if a high-speed flow with heat exchange can
-be made to correspond precisely to an incompressible flow
through an ¢ transformation, so can a low-speed gaseous
flow with heat transfer. If the resulting incompressible
flow is the same in both cases, clearly an [ transformation will
exist which establishes a direct correspondence between the
two gaseous flows. It is evident that in this case there will be
every advantage in using the ¢ transformation, and not the
! transformation. However, if, contrary to Coles’ postulate,
the transformations are only mathematical artifices proper
to operate on the integral boundary-layer equations, but not
valid locally, then one of the transformations may work
better than the other from a local standpoint. This is the
interpretation toward which the auther personally inclines
with a preference, as previousy discussed, for the [ trans-
formation.

5. Brief Considerations on the Choice of o(x)
and Other Matters

Coles has obtained for o a simple expression that con-
sistently transforms, with very little scatter, the skin-friction
coefficient (obtained by several authors with the floating-
element technique for high-speed, constant-pressure flows
without heat exchange) into the low-speed friction coeffi-
cient. Here, without following Coles’ derivation, the author
will take a different path to show the essence of his results.
Let us start from the observation that

1 pedd’  wopudy’
Re"&_'/_-ff() 7—.{0 T (51)

is an average Reynolds number for any given layer of the
flow. For each layer one can also define a mean viscosity pm:

1L peay
Mm yJo u
The assumption is now made, with Coles, that there exists

a certain turbulent substructure, corresponding to a well-
defined value

(5.2)

Rey, = = fo‘”“ﬂ -V (5.3)

19 T tme

of the just-defined Reynolds number, and that outside of this
substructure the viscosity that counts for the behavior of
turbulence is not the mean value u.. defined by (5.2) for the
whole layer, but the mean value p., for the substructure
alone. Then the relevant Reynolds number is not (5.1),
that is, ¥/unrS, but ¥/u.re, and this is the quantity which
must remain invariant against a transformation establishing
a correspondence between two flows. If the 7 transformation
is used, this means that

Y/ lme = Y/TR (5.4)

an equation which, when compared with the first (2.9), pro-
vides the relation

o= ﬁ/,um (5.5)

which is Coles’ relation, except for the definition of un,.

If the ! transformation is used, 7 is not a constant and must
be replaced by the mean value fi., given by the relation (5.3),
and applied to the transformed flow.

The only point in which these derivations differ from those
of Coles is precisely in the expression used to define the mean
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viscosity. Coles’ definition is as follows. If y, is the thick-
ness of the substructure, then the following substructure
Reynolds number

Re, = 244 5.6
h (5.6

must be a constant, when u, is the actual velocity at the edge
of the sublayer, and p,, u, are properly defined mean values.
Coles has chosen

1 Ys

=5 Jo pdy (6.7

Ps

For a perfect gas, p, corresponds to a temperature 7, and a
viscosity u,given by

L_Lfwdy
T, wyJo T

As Coles himself has recognized, this choice is quite arbitrary.
On the other hand, after the ¢ transformation, one has

ERe, = I_)aSgS/I-_" (59)

If the “law of the wall” is assumed to be valid, one can
apply the corresponding universal relation,

/0, = fpu.g/m) = f(2) (5.10)
with @, = (7./8)!/2. Hence, the value of
Res = 2.f(zs)

defines the value of 2, and f(z,). From comparison with the
experimental results, Coles finds an excellent fit for

Re, = 8500 2, = 430 f(zs) = @./0, = 19.8 (5.11)

At first it would seem that there is a considerable differ-
ence between (5.3) and (5.6). A closer analysis shows that
this is not true. Indeed, introducing a mean density pms,
Viscosity pms, and velocity wms, (5.3) can be written

Rey, = (pmatimalfs)/ Mma (5.12)

In nonuniform flows, the mean quantities can be defined
in many different ways. It is, however, a general property?
that, for increasingly uniform flows, the mean values (of a
given quantity) defined in different ways tend to come closer
together until, for a sufficient degree of uniformity, it matters
very little how the mean value is caleulated.

Now, the turbulent flow in the substructure is quite uni-
form because of the large value of Re,. As an example of
the practical coincidence of mean values calculated for the
incompressible substructure in different ways, take the two
following mean velocities

Vs g7
B f 0 & dg

Fs
o
_ fo a2y

Ums = fys o (Bms")? = s
o By j:) ady

the first caleulated from the momentum and the mass flux,
the second from the kinetic energy and mass flux. Intro-
ducing the law of the wall in the particular form

@/t = f2) = (1/%) Inz + ¢ GREY)

(with » = 041, ¢ = 5.00) and neglecting, for the present
purpose, the deviation from (5.14) near the wall, one cal-
culate from (5.13)

pe = u(Ty) (5.8)

(5.13)

% s’ = i e 1 ————1
Ur s 3#(s/Ur) — 1

Tms" \? _ s 2 2
(” Ur > B (7‘ Uy 1) +3 Jt(@-ts/il,-) -1
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and we find, for the value (5.11) of 4./@,
amal/ﬂm = 0-895 ams”/a‘ = 0‘900 (515)

which proves our point. What is true for incompressible
flows is also true for compressible flows, where it does not
matter much how the mean temperature T, is calculated
(for instance, from the mass flux using the equation of state
or from the enthalpy flux).’® Within the same accuracy it is
also true that the relation between mean thermodynamic
variables can be taken to be the same as between local values,
so that it makes very little difference if w.., instead of being
calculated from the local u values, is just taken to be u(T ).
As a result, one sees that we can safely identify pn, and pms
with Coles’ p, and u, given by (5.7) and (5.8), and write
(5.12) as follows:

PsUmsl

(5.16)
Ms

Rey, =

Comparing with (5.6), one sees that
Re\b_,/Reg = ums/us = ﬁ/ms/aa

has, according to (5.15), an approximate value of about 0.900,
so that the condition (5.11) corresponds to

Rey, = 7650

with very good accuracy.

This statement obviously can be reversed, and the condi-
tion of constant Rey, can be replaced by the conditions (5.11)
used by Coles. T

The actual determination of T's or ks can be made by re-
writing, as Coles did, (5.8) in the form

hy = zl N

Coles used this equation in the case when A° is a linear func-
tion of u.II Clearly, it can be used without additional
complication in conjunction with the ¢ transformation using
the relations (4.8) and (5.10) with results similar in form to
those of Coles [the expression for h, contains in this case
c(z)] or making use of (4.11) and (5.10) with results some-
what more complicated than those of Coles [the resulting
expression for s, would depend in this case on d(z)].

If the [ transformation were used, the same procedure
could, in principle, be applied, but would stumble on the
difficulty that the form of the law of the wall is not known
for low-velocity flows of gases with heat exchanges. Again
one sees that the [ transformation cannot be used until
more empirical knowledge is accumulated on this type of
flow.

1 We observe that Coles himself has suggested the alternate
2,
use ofj; sfdz = Rey, for the substructure Reynolds number,

pointing out the computational complications that this defini-
tion would introduce. Our discussion shows that, even if not
rigorously, from a practical point of view the two definitions
are equivalent.

11 As previously noticed, this is the only point where the local
validity of the transformation is assumed in expressing the rela-
tion between h and z.
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The practical way of solving the turbulent boundary-layer
flow around a body moving at high speeds consists, of course,
of first transforming to the corresponding low-velocity flow
which, at the present stage of accumulated experimental
knowledge, should be incompressible, and secondly, finding
the solution to this low-velocity flow. The discussion of this
question is out of the scope of the present paper. The author

~only will make the remark that, in case the problem is at-

tacked via the Truckenbrodt procedure of making use of
the integral equation for the conservation of mechanical
energy, it should be clear that this equation also obeys to
the same transformation as the others if Coles’ idea of a
local correspondence is verified, so that the procedure would
maintain its physical consistence. However, it is the au-
thor’s feeling that, although the formulation of Trucken-
brodt’s procedure is perfectly legitimate, the use of a dissipa-
tion coefficient which cannot be determined on firm grounds!®
represents a clear weakness of this procedure. Other con-
cepts might perhaps be used with advantage, some of them
already conterpldated by other authors, some still waiting
in the nebulous future to be discovered.
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